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Abstract 
There is an ever increasing interest in magnetic fluids which now find applications in a variety of 
diverse areas ranging from magnetic seals, to drug targeting and in the treatment of hypertermia. 
Thus it is important to be able to accurately characterise such fluids and one means is by the 
measurement of the frequency dependent, complex susceptibility, ( )χ ω . From measurement 
of ( )χ ω  at frequencies below 1GHz, relaxation mechanisms both Brownian and Néel, can be 
investigated and identified. This data, in conjunction with the Debye equations enables the average 
particle hydrodynamic or magnetic radius to be determined. As the frequency is increased to the 
GHz region, a point is reached where the character of the dispersion changes from relaxation to 
one of resonance. Data from this region provides a convenient means of investigating further 
properties of the fluids, such as the effective particle anisptropy constant K, and the gyromagnetic 
constant, γ , the exponential prefactor, 0τ , of  the Neel expression for Nτ  and indeed Nτ  itself. 
Keywords: complex magnetic susceptibility, magnetic relaxation, magnetic fluids. 
 

 

1. Introduction 

Magnetic fluids consist of colloidal suspensions of nano-particles of ferromagnetic or 

ferrimagnetic materials dispersed in a carrier liquid and stabilised by a suitable organic 

surfactant. The particles are single-domain and are considered to be in a state of uniform 

magnetisation with magnetic dipole moment (Wb m), m=Ms v, where Ms is the saturation 

magnetisation (Wb/m2) of the material and v is the magnetic volume of the particle. Also, 

when in suspension their magnetic properties can be described by the Langevin function 

suitably modified to take account of a distribution of particle sizes. 

 

* This paper was presented at the University of the West Timisoara on 27 of November 2009 during the “Doctor 

Honoris Causa” ceremony, title awarded by the University of the West Timisoara to the distinguish Professor 

Paul Fannin from the Trinity College, University of Dublin. 
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The frequency dependent, complex susceptibility, ( )χ ω may be written in terms of its 

real and imaginary components, where ( ) '( ) ''( )iχ ω χ ω χ ω= − . According to Debye's [1] theory 

( )χ ω has a frequency dependence as indicated in Fig. 1 and given approximately by the 

equation, 

( )0
0 2 2 2 2

1( ) 1 1 1
i

i
χ ωτχ ω χωτ ω τ ω= = −

+ + + τ                                           (1) 

where τ  is the relaxation time and the static susceptibility, 
2

0
03

nm
kTχ µ=                                                          (2)  

Here n is the particle number density and 0µ is the permeability of free space. 

Fig. 1 shows a typical plot of the Debye equations and demonstrates how '( )χ ω  falls 

monotonically while the ''( )χ ω component has a maximum at 1mω τ = , giving 

1 1
2m mfτ ω π= =                                                 (3) 

where fm is the frequency at which ''( )χ ω  is  a maximum.τ  is composed of two relaxational 

processes and in the case of  first process the  magnetic moment  may rotate along with the 

particle where the time associated with this "Brownian  rotation" is the Brownian relaxation 

time Bτ [2] where, 

 3 '
B

V
kT

ητ =                                                          (4)  

 

V' is the hydrodynamic volume of the particle and η  is the dynamic viscosity of the carrier 

liquid.  

ln

χ '

χ"
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(ω)

(ω)

(ωτ )             

(a)                                                                       (b) 
FIGURE 1. Debye plot of χ'(ω) and χ"(ω) against ln(ωτ) (a) and experimental toroid (b). 
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In the case of the second relaxation mechanism, the magnetic moment may reverse 

direction within the particle by overcoming an energy barrier. This reversal, or switching 

time, is referred to as the Neel relaxation time, Nτ  [3], where Néel estimated the relaxation 

time Nτ  to be,   

            0exp( )Nτ τ σ=                                                     (5) 

0τ  is a damping or extinction time having an often quoted approximate value of between 10-8 

and 10-2 s and is given by, 
0 2

SM
Kτ αγ= , where α  is a damping parameter and γ  is the 

magneto-mechanical ratio. 
Now a ferrofluid has a distribution of particle sizes with both relaxation mechanisms 

contributing to the magnetisation.  They do so with an effective relaxation time, ef fτ , where 

N B
eff

N B

τ ττ τ τ=
+

. The mechanism with the shortest relaxation time being dominant.    

In many applications magnetic fluids are subjected to a polarising field, H, and the 

question arises as to whether, in such situations, the fluids revert to their original state when H 

is removed. As is reported in [4], equations presented for ( , )Hχ ω , predict a reduction in both 

'( , )Hχ ω  and "( , )Hχ ω . Also increasing H progressively blocks the larger particles in the 

ferrofluid thereby reducing the effective mean particle size of the sample, which from (5), 

results in a corresponding shift in fmax to higher frequencies. 

 

1. 1. Resonance 

In the GHz region the character of the dispersion changes from one of relaxation to one 

of resonance and it is convenient to describe ( )χ ω  in terms of its parallel (relaxational), 

)(|| ωχ and perpendicular, )(ωχ⊥ , components, with [5] 

( )(2)(
3
1)( || ωχωχωχ ⊥+= )                                              (6) 

The )(ωχ⊥  component can have a resonant character, this effect being indicated by a 

transition in the value of '( )χ ω  from a + ve to a -ve quantity at an angular frequency, 

2res resfω π= . If the polar angle ϑ is small, resω , is given by [5], 

             2res res Af Hω π γ= =                                                          (7) 

 , where K is the anisotropy constant in J/m2 /AH K M= S
3 and γ  is the gyromagnetic ratio. 
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If a radio frequency field is applied perpendicular to H
A, the motion of the magnetic 

moment has a typical resonant character which is commonly described by means of the 

Landau and Lifshitz equations, namely, 

( )
( )

( )
( ) 0

22
0

2
0

2
0

2

i21
i1

0 αωω+ω−ωα+

αωω+ωα+
=

χ
ωχ                                   (8)   

where α  is a damping parameter and the precessional decay time, 1
0 0( )τ αω −= .  

 

1. 2. After-effect function 

The after-effect function, b(t), represents the decay of magnetization after the sudden 

removal of an external polarizing magnetic field, and χ(ω) and b(t) are related by the 

expression [6],  

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ ′′

= −

ω
ωχ1Re2 Ftb                                           (9) 

where F -1 denotes the inverse Fourier transform. 

Scaife [7] has shown that b(t) for the Landau and Lifshitz equations, has the form,  

                                           ( ) ttbtb 0
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 If the area under b(t), =B, say, then it follows that∫
∞

0
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in a normalised value of [8], 
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from whence, by knowing B/b(0) and ω0, τ0 can be determined. 

 

2. Measurement of the Complex Susceptibility in the range 10Hz to 1MHz  

The conventional method of determining χ(ω) of a magnetic fluid is to insert the fluid 

into the alternating magnetic field of a coil, of inductance L and resistance R, and observe the 

changes in it's inductance, ∆L, and resistance, ∆R, as the frequency is varied.  The ratio of 

∆L/L is proportional to χ'(ω), whilst χ"(ω) is proportional to ∆R/ ωL. However the coil 

technique requires the use of a large inductance which, with its associated capacitance, 

restricts the frequency range over which measurements can be made. A more convenient and 

 4



efficient method of measuring χ(ω), and that to be used in this project, is the "Toroidal 

Technique" [9]. This technique involves the placing of the fluid in an alternating magnetic 

field which is generated within a high-permeability toroid. A narrow slit is cut in the toroid 

(Fig.1 b) and the fluid is inserted into the slit. Thus, by measuring the inductance and 

resistance of the toroid: (a) when the slit is empty and (b) when the slit is full of ferrofluid, 

one can determine χ' (ω) and χ" (ω) for the fluid.  

As an example consider the two susceptibility profiles of two different magnetic fluids 

(Sample 1 and Sample 2), obtained by means of the above technique over the frequency 

range, 10Hz to 500kHz, as shown in  Fig. 2. Sample 1 consists of a suspension of magnetite in 

water whilst Sample 2 is a suspension of magnetite in isopar M, with corresponding mean 

particle radii of 5nm and 7nm respectively, as determined by electron microscopy.  It is 

obvious from the plot of Fig. 2 that sample 1 has a Debye-type profiles with a maximum in χ" 

(ω) occurring at 1.6kHz, hence from equation (1) and using a viscosity of 10-4Nsm-2, a 

hydrodynamic radius of 69nm is obtained. This value is greater than the corresponding value 

of magnetic radius plus surfactant thickness (approx 2–4nm) and is thus indicative of 

aggregation having occurred in the sample. In contrast, the profile of sample 2 does not have 

an absorption peak in the range up to 100kHz and corresponds to the profile of a finely 

dispersed sample. 

Fig. 3 illustrates the effect on χ''(ω, Η)  from the application of a  polarising field, H, to 

sample 3 which consisted of a 325G suspension of cobalt ferrite particles in isopar M, of 

mean particle radius 5nm. H ranged from 0 to 13.6kAm-1 in a forward direction and from 

13.6kAm-1 to 0 in the reverse direction. 
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FIGURE 2.  
Normalised plot of χ' (ω) and χ" (ω) for Samples 1 and 

2. 

FIGURE 3.  
Plot of χ''(ω, Η) (forward and reverse) against f(Hz)  

for Sample 3. 
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It can be clearly seen from the plots of χ''(ω, Η) obtained over the polarising field range, 

in a forward and then reverse direction, that there is little difference between the plots. Thus 

no hysteresis has resulted from the effects of the polarising field. Fig. 4 also shows how, as 

predicted in [4, 6], χ''(ω, Η)  decreases and how fmax varies from 537Hz to 8.3kHz with 

increasing H. This observed increase in fmax is indicative of a decrease in effective relaxation 

time with a corresponding apparent decrease in average hydrodynamic aggregate size from 

33nm to 13nm. 

 

3. Measurement of the complex susceptibility in the range 1MHz to 1GHz 

Measurements over this range were made by means of the coaxial transmission line 

technique [10, 11] using  a Hewlett Packard (HP) 50Ω coaxial line incorporating a co-axial 

cell, in conjunction with an HP 8753C  network analyser. To obtain polarised measurements 

the coaxial cell containing the ferrofluid sample, correctly terminated in a standard HP load, 

was placed between the pole faces of an electromagnet, the axis of the cell being 

perpendicular to the biasing field. The biasing field H, was altered between 0 and 104kAm-1. 

Automatic swept measurements of the input impedance of the line containing the sample were 

obtained and from these measurements the complex components, χ'(ω) and χ"(ω)  were 

determined. In order to avoid dimensional resonance, care has to be taken in choosing the 

sample depth and to satisfy the requirement that  the sample depth is much less than the 

wavelength of electromagnetic radiation in the sample medium; measurements over the 

frequency range 100MHz to 6GHz were obtained using a sample depth, d, of 1.5mm. 

 

108 109 1010
-0.2

0.0

0.2

0.4

0.6

χ'

χ''

f (Hz)

0.92 GHz

5.7 GHz

1.4 GHz
5.8 GHz

 

-50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 80 90 100 110
0

1

2

3

4

5

6

H (kA/m)

fres (GHz)

HA=37 kA/m

FIGURE 4.  

Plot of χ'and χ''  against f(Hz). 

FIGURE 5.  

Plot of fres against H. 

           

 6



2.00E-010 4.00E-010 6.00E-010 8.00E-010 1.00E-009

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

τ (s)

b(t)/b(0)

H=0

H=104 kA/m

 

0 10 20 30 40 50 60 70 80 90 100 110
0

2

4

6

8

10
 τ

1

 τ
2

Η
Α
 = 43.8 kA/m

α = 0.157

γ=2.209x105 m A-1s-1

τ 0 [ 
s 

] x
 1

0-1
0

H [ kA/m ]

τ
0
 = [αγ(Η+Η

Α
)]−1

2.25 10-10 s

6.44 10-10 s

 

FIGURE 6.  

Plot of b(t) against t [sec]. 

FIGURE 7.  

Plot of τ0 against H [kA/m]. 

 

Fig. 4 shows the measurements obtained for sample 4 which was a 330 Gauss fluid 

consisting of Mn0.5Fe0.5Fe2O4 particles suspended in Isopar M, over the range 100MHz to 

6GHz and for 10 values of H. These curves were then fitted [12] up to 10GHz in order to 

facilitate a more accurate determination of the inverse Fourier transform of χ"(ω) . From Fig. 

4 it can be seen that when H=0, fres=1.4GHz, and when H=104kAm
-1

, fres rises to 5.8GHz. 

The χ’’(ω) component has a high frequency loss peak that occurs at a frequency of fmax= 

0.92GHz at H=0. This shifts to 5.7GHz at H=104kA/m. Thus the value of fmax approaches the 

value of fres as resonance becomes the dominant process.  A plot of fres against H is shown in 

Fig. 5 and as ωres=2πfres=γ(H+HA), the value of HA is found from the intercept and determined 

as being equal to 39kAm
-1

, corresponding to a mean value of K, of 4.7 103J/m3. Furthermore, 

form the slope γ is found to be 2.37 105s-1A-1m. 

Fig. 6 shows the after effect profiles, b(t), obtained from the transformed χ"(ω)  data and 

one can observe how, over the polarizing field range, b(t) changes from an exponential type 

decay to an oscillatory one. This transition arises because with increasing H, the parallel 

relaxation component diminishes its contribution to the overall susceptibility and b(t) 

becomes similar to that of the Landau Lifshitz form. 

Computing the area, B, under the b(t) curves and using the measured values of fres , τ0 as 

a function of H was determined by use of  Eq. (13). The results are shown plotted in Fig.7. As 

can be observed from Fig. 7, for the analysed sample, Eq. (13) has real solutions only for 

polarizing fields larger than 30kA/m. This is due to the fact that the approximation used in 

computing the solutions of Eq. (13) (i.e. ω0=2πfres) is valid only for strong polarizing fields. 

One also notes that, Eq. (13) is a quadratic equation and has two solutions, τ1 and τ2. The 
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correct values τ0 were chosen by simply testing the values of τ1 and τ2 with the relation α = 

(τ0ω0)-1, where α cannot be larger that one. Performing this test for all solutions of τ1 and τ2, 

we determine that the correct solutions of Eq. (13) are those of τ1 (see Fig. 7). From the fit to 

Fig. 7, at large values of H a mean value of τ0=2.2 10-10s is obtained. Furthermore, by 

extending the fit back to H=0, τ0=2.2 10-10s is obtained, which when used in equation (7), 

gives a value of τN = 4.8 10-10s. 
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